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Abstract 

In this paper it is shown that, if you have two planes in the Segal- Wilson Grassman- 
nian that have an intersection of finite codimension, then the corresponding solutions 
of the KP hierarchy are linked by Backlund-Darboux (shortly BD-)transformations. 
The pseudodifferential operator that performs this transformation is shown to be built 
up in a geometric way from so-called elementary BD-transformations and is given here 
in a closed form. The geometric description of elementary BD-transformations requires 
that one has a geometric interpretation of the dual wavefunctions involved. This is 
done here with the help of a suitable algebraic characterization of the wavefunction. 
The BD-transformations also induce transformations of the tau-function associated to 
a plane in the Grassmannian. They are determined explicitly for the elementary and 
so-called trivial BD-transformations. For the Gelfand-Dickey hierarchies we derive a 
geometric characterization of the BD-transformations that preserves these subsystems 
of the KP hierarchy. This generalizes the classical Darboux-transformations. We also 
determine an explicit expression for the squared eigenfunction potentials. 

Next a connection is laid between the KP hierarchy and the 1-Toda lattice hier- 
archy. It is shown that infinite flags in the Grassmannian yield solutions of the latter 
hierarchy. These flags can be constructed by means of BD-transformations, starting 
from some plane. Other applications of these BD-transformations are a geometric way 
to characterize Wronskian solutions of the m-vector fc-constrained KP hierarchy and 
the construction of a vast collection of orthogonal polynomials that are parametrized 
among other things by the commuting flows of the KP hierarchy. These systems of 
polynomials play a role in matrix models. 
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1 Introduction to the KP Hierarchy 

The KP hierarchy consists of a tower of nonlinear differential equations in infinitely many 
variables {t n \n > 1}. It is named after the simplest nontrivial equation in this tower, the 
Kadomtsev-Petviashvili equation: 

3d 2 u d / du du 1 d 3 u\ 

4~d4 = dT 1 \dT 3 ~ df 1 ~4~d^)- { ' 

The solutions of these equations belong to a ring of functions R that is stable under the 
operators d n = The form in which one presents these equations, is the so-called 

Lax form. This is an equality between operators in the priveleged derivation d = d± 
of a specific nature. For notational convenience we sometimes write x instead of t\ and 
J| instead of d. The simplest way to present these equations, is to extend the ring 
= {^2i=o a i® % \ a * ^ ^} by adding suitable integral operators to the ring. Thus it 
becomes possible to take the inverse and roots of certain differential operators. Consider 
the ring R[d, of pseudodifferential operators with coefficients in R. It consists of all 
expressions 

JV 

aid 1 , a,i G R for all i, 

i=— oo 

that are added in an obvious way and multiplied according to 

OO , 

k=o ^ ' 

Each operator P = Y^Pj& decomposes as P = -P+ +P- with P + = ^2 pjd^ its differential 

i>o 

operator part and P- = Pj& ^s integral operator part. We denote by ResgP = p_i 

j<o 

the residue of P. 

An operator L € R[d, <9 _1 ) of the form 

L = d + £ j dj ,£j£R for all j < 0. (1.2) 

i<o 

is called a Lax operator. We say that a Lax operator satisfies the KP hierarchy if and only 
if it satisfies the system of equations 

d n (L) = J2dn(tj)d j = [(L n )+,L], n>l, (1.3) 

j<0 

called the Lax equations for L. These Lax equations are equivalent to the following infinite 
set of equations, which are called the Zakharov-Shabat equations: 

d n (L m )+-d m (L n ) + = [(L n )+,(L m ) + ], m,n>l. (1.4) 
Hence both (|l.3| ) and (|l.4| ) can be seen as the compatibility equation of the linear system 



Li, = zip and d n (V) = (L")+(V0 



(1.5) 
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Notice that the equation (|1.3| ) has at least the trivial solution L = d and for this solution 
Q1.5| ) becomes 

dip = zip and d n ip = z n ip for all n > 1. 
Hence, the function 7(i) = exp(^ tiZ 1 ) is a solution. The space M of so-called oscillating 

i>l 

functions is a space for which we can make sense of ( |1.5| ) and that can be seen as a 
collection of perturbations of this solution. It is defined as 

M = {(Y^ a jZ j )e^ Uzt ImeR, for all i}. 

j<N 

Expressing e^ tiZ * in terms of the elementary Schur functions, i.e., 

CO 

eEt^ = ST Pk (t)z k 

k=0 

one notices that the product 

CO 

a i zi ) eEUzt = ^2C^2a^ kPk )z £ 

j<N eez k=o 

is still formal. To make sense of this expression as an infinite series in z and z , the 
coefficients X^fcLo a t-kPk f° r all £ G Z have to be well defined functions of t = (t n ). In that 
light it is natural to have a context such that for each element t 

CO 

|aj(i)| 2 < oo and \Pk(t)\ 2 < 

j<N k=0 



Such a context has been given in |22| and will be considered in section 2. 

The space M becomes a R[d, 5 _1 )-module by the natural extension of the actions 

H(Ei«i^> Etizi } = (Ejbajz^eZ tizi 
9{(E,a,z J >^ 1 } = Olj^oj)-" ■ ')<> :/ ". 

It is even a free R{d, 3 _1 )-module, since we have 

An element ip in M is called an oscillating function of type z £ , if it has the form 

The fact that M is a free R[d, <9 _1 )-module, permits you to show that each oscillating 
function of type z that satisfies (1.5) gives you a solution of ( |1.3[ ). This function is then 
called a wavefunction of the KP-hierarchy. Notice that we can write ip(z) = P(d)e^ tiZ \ 
It is not difficult to see that the equations ( |1.5| ) for L = PdP^ 1 are equivalent to the 
Sato-Wilson equations for P: 

dniPjp- 1 = -(Pd n p- 1 )^. (1.7) 
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Besides the space of oscillating functions M it is also convenient to have at one's 
disposal its "adjoint" space M* consisting of all formal products 

{ E a jZ j }e~ ^ tiZ \ with a,j G R for all j. 

j<N 

The ring R[d, d^ 1 ) acts as expected on M* by the natural extension of the actions 

diiEjajZ^e-W} = (E i 9(a i y-E i a i ^ +1 )e- Eti * i - 
This is also a a free R[d, <9 _1 )-module, since we have 

There is a bilinear pairing 9\ : M x M* — > P defined as follows: if = </>(i, z) = 
(Ej °j(*)- zJ ) e belongs to M and ^ = ip(t,z) = (Y^k^k(t)z k )e~^ tiZt is an element 
of M*, then we put 

: = Res z=0 {(J2a j (t)^)(J2h(t)z k )} 

j k 

= y^a-k-i{t)bk{t), 

k&Z 

which is clearly a finite sum and hence belongs to R. 

On R[d, <9 _1 ) we have an anti-algebra morphism called taking the adjoint. The adjoint 
of P = E Pid 1 is given by 

OO / .v 

p* = £(-0)* w = E(-)*E ( J^fc*)*-* 

i i fc=0 ^ ' 

=i;{E(-) m ( / t*) fl *(p^)} fl '- 

There is an important connection between the bilinear form 91 and taking the adjoint. 
Theorem 1.1 Let <f>(t, z) = P(t, d)e^ Uz * G M and ip(t, z) = Q(t, d)e~ E G M*, t/ien 

-E"«m).^,(- 8 )-«-' (I ' 8) 

n=0 

Proof. The proof consists of showing, by a direct computation, that the coefficients of 
Q-n-i on i-^h sides of ( |1.8[ ) are equal. Let P = Ej a j^' 5 an d let Q = Efc First we 

compute the coefficient 9\((p(t, z), g^n' " ) • Since 

dn w = {e (") E^(^)(-) fc+ 4 e ~ E ^ 
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we get that 



d n i;(t,z). 



dx r ' 



p 1=0 ^ ' 



On the other hand we have 



PQ* =^^(-9)% = Y,i-t a J dj+kb k 

j,k j,k 

<j + k 
r 



j,k r=0 



j r=0 



r + s 
r 



d r (b k )d j+k - r 
(-) r+s+j a j d r (b r+s ^) 



Hence the coefficient of d n , n > 0, equals 



(-r +1 EE 

3 r=0 



r — n — 1 

r 



-) r ' +J a i ^(6 r _ J _ n _ 1 ) 



j r =0 ^ ' 



j £=0 W 

rEn^-E^V 

1) fj — n ^ / 



d n ip{t, z) 



This proves the claim in the theorem. 



□ 



If (j) = P(t, d)e^ tiZ ' is an oscillating function of type z £ , then we call (p* = P(t, d)*e~ ^ tiZ% 
in M* the adjoint of (j). It is a dual oscillating function of type The foregoing theorem 
shows that for all n > 



(1.9) 



This property even characterizes </>* among the dual oscillating functions of type z~^. For, 
if if) = Q{t,d)e~^ tiZl £ M* is such a function satisfying (1.9) with (f>* replaced by ip, then 
we have according to the theorem 

PQ* = d° + (PQ*)- = 1. 

In other words, Q = (P*)^ 1 and if) = <j>* . We will use this criterion later on and therefore 
we resume it in a 

Lemma 1.1 Let (j) be an oscillating function of type z£ and ip a dual oscillating function 
of type z~ e . Then tp is the adjoint of 4> if and only if it satisfies 



d n ip(t,z) 



for all n > 0. 
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If tp £ M is a wavefunction for the KP hierarchy, then its adjoint ip* satisfies a similar set 
of linear equations, viz., 

L*r = zr and d n (r) = -(L n )*+m, (1.10) 

where L* = (PdP- 1 )* = (P*)- 1 (-d)P* . The first of these equations is a direct conse- 
quence of the definition for 

The second follows from the Sato- Wilson equations for P. By taking the adjoint of relation 
0) we get 



{d n (p)p- 1 y = p*- l d n {p*) = -(Pd n p~ 1 y_ = -(p*~ 1 (-a) n p*)_ = -((L*) n )-- 

Since 9 n (P* _1 ) = —p*- 1 Q n (^p*^p*- 1 j these equations combine to give 

d n {P*- l )P* = ((L*) n )_. (i-ii) 

As we have that 

d n (V*) = d n {P*~ l e-^ Uzl ) = d n {P*- x )e-^ tizi - z n P*- l e~^ Uzl 
= ((L*) n )-V>* - (L*) n ip* = -((L*) n )+#\ 

which is exactly the second equation of ( |1.10| ). Reversely, if the adjoint of an oscillating 
function of type z^ satisfies the equations in ( 1.10| ), then ip is a wavefunction of the KP 
hierarchy. The equations in (1.10) namely imply equation ( |1.11| ) and by taking the adjoint 
of it, we get the Sato-Wilson equations for P. 

In the present context, where the splitting of the oscillating functions in the exponential 
factor tiZ% and a factor that has at most a pole at infinity is a formal affair. One also 
does not have at one's disposition the famous bilinear identity (see ||): 

Res z = i>(t,z)ip*(s,z) = 0, (1.12) 

to characterize the oscillating functions ip of type z e that are wavefunctions for the KP 
hierarchy. We will see in the next section that the relation ( 1.12j ) makes sense in the 
convergent setting of Segal and Wilson. 

Another item in the theory of the KP hierarchy is the tau-function r(f) := r((ij)). It 
was introduced by the Kyoto school, see §§, and relates to the wavefunction ip and its 
adjoint wavefunction tp* by the formula's 

^(t,z) = z e T{t ~^' 1]) e^^ and ^ (t,z) = ^ r( * + ^V ^, (1.13) 

where [A] = (A, ^A 2 , ^A 3 , |A 4 , . . . ). In the general set-up of the oscillating functions its 
existence is by no means clear, but in the Segal-Wilson context such a r exists. In order 
that the right-hand sides of the equations ( 1.13[) are in M resp. M* , there should hold the 
Taylor formula for r. By applying this to (1.13) we get for all first order derivatives of r 

^l = Res z=0 z k f(A_^-i-i a .)log( 2 -VE^V ( t, 2 ))j . (1.14) 
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From this formula we see that if there are 2 tau- functions satisfying ( 1.13| ), then their 



quotient is independent of the variables (t{). If a wavefunction tft of the KP hierarchy 
posesses a function r satisfying and if the bilinear form ( 1.12| ) makes sense, then 



this gives the following bilinear identity for the KP tau- functions: 

Res z=0 r(t - [z-^e^-^ris + [z' 1 }) = 0. (1.15) 

2 The Segal— Wilson Grassmannian 

An analytic approach to construct wavefunctions of the KP-hierarchy is considered in [^2] . 
Segal and Wilson consider the Hilbert space 

H = a nZ n | a n £ C, | a n | 2 < oo}, 

with decomposition H = H + © J3_, where 

H+ = a n z n e H} and F_ = a n z n e ff} 

n>0 n<0 

and inner product < ■ | ■ > given by 

< a nz n i Yl, bmzm >= a ^ n - 

To this decomposition is associated the Grassmannian Gr(H) consisting of all closed sub- 
spaces W of H such that the orthogonal projection p + : W — > H + is Fredholm and the 
orthogonal projection p_ : W — > H_ is Hilbert-Schmidt. The connected components of 
Gr(H) are given by 

Gr {£) {H) = jV € Gr{H)\ p + : z~ l W -► iJ + has index zero} . 

Each of these components is a homogeneous space for the group Glf) s {H) of all bounded 
invertible operators g : H —* H that decompose with respect to H = H + © H- as 

a b 
c d 

where a and d are Fredholm operators and b and c are Hilbert-Schmidt. For each N > 1, 
we consider the multiplicative group 

T + (A0 = {expC^ti**) | *i 6 C, J^pV* < oo}. 

i>l 

equiped with the uniform norm. These groups are nested in a natural way and the induc- 
tive limit is denoted by r+. The groups T + (N) act by multiplication on H and this gives 
a continuous injection of T + (N) into Glfes{H). The commuting flows from T + (N) lead to 
wavefunctions of the KP hierarchy for which the product in (|1.6| ) is real and not formal. 

Now we take for R the ring of meromorphic functions on T + (N) and for d n the partial 
derivative w.r.t. the parameter t n of T + (A r ). For each W G Gr^(H), let T^(N) be given 
by 

oo 

t%(N) = (7(t) = exp(^i i z i ) E r + (iV)| p+ : 7~ W -> # + is a bijection}. 
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In a similar way as in p2| , one shows that T^(N) is nonempty. For 7 G T^(iV), let 
z) be z £ times the inverse image of 1 under the projection p + : r )~ 1 z~ l W — > H + . 
Then we associate to W an oscillating function ipw(t,z) = Pw(t, z)e^^ tiZl of type z e , 
which has the properties that it is defined on a dense open subset of T + (N) and that its 
boundary value at \z\ = 1 belongs to W. Moreover, it is known that the range of ifrw 
spans a dense subspace of W. A crucial property of the elements ^(t) in this dense open 
subset of T + (N) is that 

wn(/H + ) ± 7 (t) = {o}. 

By exploiting this property, one shows that ipw is a wavefunction for the KP hierarchy. 
Hence, if we write 4>w(t, z) = P\y(t, 9) ■ tiZ% with P\y € R[9, 9" 1 ), then Lyy = Pw9P lv 1 
is a solution of the KP-hierarchy. Each component of Gr(H) generates in this way the 
same set of solutions of the KP-hierarchy, so it would suffice, as is done in to consider 
only Gr(°\H). However, we need to consider here all components. 

Let W 6 GrW(H), then W L is a closed subspace of H, moreover p_ : W 1 - — ► H- is a 
Fredholm operator of index — t and p+ : — > -£/+ is a Hilbert-Schmidt operator. Inter- 
changing the role of i7+ and we see that W 1 - is a plane in the adjoint Grassmannian 
Gr*(H) consisting of planes U for which p_ is a Fredholm operator and p+ is a Hilbert- 
Schmidt operator. The connected components of Gr*(H) are also homogeneous spaces of 
the group Gl$ s (H) introduced above. On Gr*(H) we consider however the commuting 
flows that are the adjoint of the ones on Gr(H). Namely, for each N > 1, we take the 
group 

r_(iV) = {expC^nz-*) \neC, ^Niv 4 < oo}. 

i>l 

and as the analogue of (N) we take here 

00 

r^ X (iV) = {#(r) = exp^r-iO e T_(iV)| p_ : ^VW 1 -> F_ is a bijection}. 

i=l 

One verifies directly that 

r^(iv) = {( 7 *)^ 1 | 7 er^(iV)}. 

In particular it is a non-empty open dense subset of r_(iV). Now we can repeat the 
construction of the wavefunction ip\y with W £ Gr(H) replaced by ly- 1 S Gr*(H) and 
r + (iV) by r„(A r ), thus we obtain a function ipyy± of the form 

VV-l^ 21 ) = iPw±(9(r),z) ={ a s (r)z s }g(r) 

8>l-l 

Here a^_i = 1 and g(r) belongs to T}Y (N). For all such g(r) the boundary value of i^w 1 - 
on \z\ = 1 belongs to W^. This last property also holds for 

(a"^M.H|_|C)^ 

:={ E «i n) M* S }s(0- 
s>*-n-l 
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Since the boundary value on \z\ = 1 belongs to W, we get for all j(t) G Tf(N) and all 
g(r) G r^ X (iV) the equality 

<^ W r( 7 (t),z)|( — ) ^xG/(r),z) >=0. (2.1) 



9n 

Recall that the innerproduct is also equal to 

< f(z)\h(z) >=^-.( f(z)W)-- (2-2) 

2m J\ z \ =l z 

For each g(r) G T v ^ ± (N) there is a 7(5) G T^(N) such that <?(r) = j(— s). Hence we get 
on Id = 1 



1 ' p>e-n-l 

= { £ a ^(r)z^r=i^ 



{ a™{-a)j}e^«* 

j<n-£+l 

» \ « 

d(E «i(-5)^7(-)}. 
17 j<-<+l 



(-r 



In other words VV 1 - (7( — s > z )) i s a dual oscillating function on M* of type z l 1 . If we 
substitute this into formula ( |2.2| ) and we put = for all A; > 1, then we obtain from 
flO) for all n > 



<H(Vw(7(i), ^), 9 n (z"V^(7(-i, *))) = 0. 



So z 1 V ; vy J -(7( — z )) satisfies the requirements in Lemma [O] and we can say 

Theorem 2.1 The adjoint wavefunction of i^wilit), z) is z~ 1 ip w ±( , ~f(—t, z)). 

A consequence of this theorem is that the adjoint wavefunction of a wavefunction of the 
Segal-Wilson class, falls again in this class. This is by no means obvious from the defining 
formula. Moreover, we can give a meaning to the bilinear formula for the Segal-Wilson 
wavefunctions , viz., for all relevant t and s one has 



<i> w {t,z)\zi>* w {s,z)>=0. (2.3) 

We can use the fact that the boundary values of ipw{t^ z ) on \ z \ = 1 are lying dense in 
W and that the boundary values of ipw(s,z) at \z\ = 1 also belong to H to characterize 
inclusions inside Gr(H). This gives you so-called modified equations. There holds namely 



Proposition 2.1 Let V, W be planes in Gr(H). Then V C W (and hence W C V ) if 
and only if 

< ^ v {t,z)\z^* w {s,z) >= 0. 
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Next we recall how the tau-functions arise in the Segal- Wilson setting. This starts with 
a convenient description of components Gr^(H) of the Grassmannian. Let $J}^ be the 
collection of embeddings w : z l H + — ► H such that with respect to the decomposition 
H = (z^H+) © {z^Hj^) 1 - the operator w has the form w = (™ + ), with wj_ a Hilbert- 
Schmidt operator and u> + — Id a trace class operator. Then ^ is a natural way a fibre 
bundle over GrW(H) with fiber the group 

%i = {t £ Aut(z e H + )\t - Id of trace class}. 

To lift the action of GL^J S (H) on Gr^\H) to one on one has to pass to an extension 
Gl of Gr®(H). It is defined by 

Gl = {(g,q)\g = ( ° ^ J , 5 G GL^) S (H), q G Aut(z e H + ), aq~ l - Id is trace class}. 

This group acts by w i— > gwq~ 1 on The elements of both T + (N) and r_(iV) embed 
in a natural way into Gl through 

7+ = ( d ) ^ ^ 7+ '^ and 7 - = ( r s ) ^ (T-' p )' 

This we assume through this paper. For each w G we define r w : GZ — > C by 

T w {(g,q)) = det(0~ 1 u>g)+). 

If i belongs to T^, then there holds T wot = det(t)r w . The restriction of T\y to T + (N) gives 
you the required tau-function. For, if q^ = 1 — | G r+(iV), then there holds 

Theorem 2.2 Lei W be a plane in Gr^(H) and let tpw(t,z) = F\v(t, z)e^ tiZl be the 
corresponding wavefunction of type z . Then we have 

(a) iVC*,Q - C 7- TTvs = C 77s a™« 

(6) f/je adjoint wavefunction ipyy satisfies 

rw(tl C) = C-'^^e- EE. *? = f ^' + .f » e- SS. < 

Property (a) was shown in j2^] and the relation in (b) is the combination of theorem p~TT] 
and the computations in |10[ |. This theorem shows that in the Segal- Wilson setting we 
have the equations in (|1.13| ). 

3 Elementary Backlund— Darboux Transformations 

In this section we want to consider a certain type of Backlund-Darboux transformations 
the so-called elementary ones. For some literature on Backlund-Darboux transformations 



we refer the reader to g|, @, [0|,|T7|| and @. 

Let tp be a wavefunction of type zr, not necessarily in the Segal-Wilson setting. Like 
in [jl7| and [18], we define elementary Backlund-Darboux transformations that produce 



new wavefunctions of type z . For q,r G R, one considers the first order differential 
operators qdq^ 1 and r~ 1 dr. An obvious question now is: When are qdq^ijj and r~ 1 d~ 1 rip 
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again wavefunctions? The answer is given by the following theorem. But first notice that 
r~ l d~ l ri[) is well and uniquely defined. If ip = P(z)e^ tiZl = P(d)e^ tiZ \ then 

r~ 1 d~ 1 rip = r~ 1 d~ 1 rP(d)e^ ttZl 

' : (rP(; 
dx k 



-1 ( \k d k (rP(z)) „-k-l r T. Uz* 



Theorem 3.1 Let ip be a wavefunction of type z t and let be its adjoint wave function. 
Then the following holds: 

(a) Let q and r G R satisfy 

d n {q) = (L n )+(q), (3.1) 
d n {r) = -(L n )%{r) for all n = 1,2,... (3.2) 

Then qdq~ l ip (resp. r~ 1 d~ 1 rip) is a wavefunction of type z i+1 (resp. z^~ l ) and —q~ 1 d~ l qtp* 
(resp. —rdr~ l ijj*) is its adjoint wavefunction. 

(b) If both q± and q2 (resp. r\ and r2) satisfy l\3.j[) (resp. (\3.@Q) such that 



qidqV 1 = q2dq 2 ~ 1 (resp. rT dr% = r^d^), 
then qi = Xq2 (resp. r\ = Xr2) for certain A G C. 

We say that q (resp. r) is an eigenfunction (resp. adjoint eigenf unction) of the Lax 
operator L if it satisfies ([O]) (resp. (|3.2|) ). 

Recall that there is a unique pseudo differential operator P such that if) = P(e^ tiZl ). 
It has the form 

P = d i + J>,-# = I 1 + J>^ S ^' ( 3 - 3 ) 

j<i s<0 



which satisfies the Sato- Wilson equation (1.7). Let r q (resp. r r ) be the tau-function 



corresponding to qdq 1 tp (resp. r 1 d 1 rtp), by using formula ( |1.13[ ) one easily deduces 
that 

dlogg = d log Tg/r dlogr = d log r r /r 

dx dx dx dx 

Next we consider the operators P q and P r defined by 

p q ■= qdq^P and P r := r~ l d~ l rP. (3.5) 



To Prove part (a) of Theorem 3.1, one has to show that the P q and the P r also satisfy 
the Sato- Wilson equations. To do so, we need some properties of the ring R[d, d~ l ) of 
pseudodifferential operators with coefficients from R. We resume them in a lemma 

Lemma 3.1 If f belongs to R and Q to R[d, <9 _1 ), then the following identities hold 

(a) (Q/)_ = Q_/, 

(b) UQ)- = fQ-, 

(c) Res d (Qf) = Res d (fQ) = f Res d (Q), 
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(d) (0Q)_ = dQ_- iZes a (Q), 
fej (Q0)_ = Q-d- Res a {Q), 

(f) {Qd~ 1 )- = Q-d~ 1 + ResaiQd-^d- 1 , 

(g) = d^Q- + d- 1 Res d {Q*d- 1 ), 

(h) Res 9 (Qfd- 1 ) = Q+(f), 

(i) Res 9 (d- 1 fQ) = Q* + (f). 

Since the proof of this lemma consists of straightforward calculations, we leave this to the 
reader. Now we can show 

Proposition 3.1 The operators P q and P r satisfy the Sato-Wilson equations. 

Proof. If we denote by d n , then we get for Pq — qdq ^P that 

d n {P q )P- x = d n {qdq- l )qd- l q- l + qdq~ l d n (P)P- l qd- l q- 1 
= —qdq~ 1 (L n )_qd~ 1 q~ 1 + d n (qdq~ 1 )qd~ 1 q~ 1 . 

Now we apply successively the identities from Lemma |3.1| to the first operator of the 
right-hand side 

qdq-^L^-qd-iq- 1 = qd{q- 1 L n q)-d' 1 q- 1 

qd(q~ 1 L n qd~ 1 )-q~ 1 — qdResg(q~ 1 L n qd~ 1 )d~ 1 q~ 1 = 

q(dq- l L n qd- l )„q~ l + qRes a {q- l L n qd' l )q- 1 

qdResg(q~ 1 L n qd~ l )d~ 1 q~ 1 = (qdq~ 1 L n qd~ 1 q~ 1 )^ + 

q- 1 B£8 d lL n q&- 1 ) - qdq- 1 ReB a (L n qd- 1 )d- 1 q- 1 

(qdq- l L n qd- l q- l )_ + {L n )+(q)q- x - gSg- 1 (L n )+(g)S- 1 g- 1 . 

On the other hand 

dniqdq^qd' 1 q~ x = d n (q)q' 1 - qdq' 2 d n (q)qd' 1 q' 1 . 

Thus we see that, if d n {q) = (L n ) + (q), the operator P q satisfies the Sato- Wilson equation 

O^P- 1 = -(P^P- 1 )^. (3.6) 

For P r , we proceed in a similar fashion 

d n (P r )P~ 1 = —r~ 1 d~ 1 r(L n )_rdr + d n (r~ 1 d~ 1 r)r~ 1 dr 

= —r~ 1 d~ 1 (rL n r~ 1 )-dr J \ — <9 n (r)r + r d~ l {d n (r)r )dr. 

Now we successively apply Lemma [O] (g) and (c) and ( jl.7| ) to the first term of the right 
hand side of this equation 

- r^d^irU'r^^dr = -r~ l {{d' l rL n r - 1 )^ - d- l Res d {r- l (L n )* + rd- l )}dr 

= —r~ 1 (d~ l rL n r'' 1 )-dr + r _1 (9 _1 r _1 (L n )"j_(r)9r 

= -r- 1 {(d r ' 1 rL n r- 1 d)- + BBBa(d- l rL n r~ 1 )}r + r^d^r^^f^dr 

= — (r~ 1 d~ 1 rL n r~ 1 dr)- - r -1 (r) + r _1 (9 _1 r _1 (L n )^(r)3r. 
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Since d n (r) = — (L n )*(r), we see that the last two terms cancel d n (r 1 dr)r 1 dr and thus 
we have obtained the Sato- Wilson equation for P r 

d n (P r )P r = -(PrPP- 1 )-. (3.7) 

This concludes the proof of Propositio n |3.1| . □ 
Thus the proof of part (a) of Theorem |3j] has been completed. To prove part (b), we first 
calculate 

g f<h\ = 9i d(qi) _ gi d(q 2 ) = Q 



92/ 92 9i 92 92 
So d k (f 2 ) = and d k (qi) = d k {f 2 q 2 ) = f 2 d k (q 2 ). Now let B e = (L e ) + , then 

dn f qj\ = BM _ qj_ 
\q2j 92 qi 

=—B n (—q 2 ) - %B n {q 2 ) 

92 92 92 

= %B n (q 2 ) - %B n {q 2 ) 

92 92 

=0 

for all n = 1, 2, ... . So we conclude that q\ = Xq 2 for a certain A G C. Uniqueness for r 
follows analogously. This finishes the proof of Theorem |3.1| , 

Suppose now qdq~ l il) and r~ 1 d~ 1 rip are again wavefunctions, but q is not an eigen- 
function and r is not an adjoint eigenfunction. Since P q and P r satisfy the Sato-Wilson 
equation, 

d n (q) - (L n ) + {q) - qdq- l {d n {q) - (L n ) + (q)}d~ 1 = 0, 
d n (r) + (L n )Ur) - d{8 n {r) + (L^Ur^dr = 



and thus 



So 



d(q- 1 {d n (q)-(L n ) + (q)})=0, 
dir-^d^r) + (L n y + (r)}) = 0. 



d n (q)-(L n ) + (q)=f n (t 2 ,t 3 ,...)q, 
d n (r) + (L n )Ur)=g n (t 2 ,t 3 ,...)r. 



(3.8) 



Let again Bt = (L e ) + , and write down the compatibility conditions for q, i.e., d n (de(q) 
di(d n (q)). One has 

d n (de{q)) =d n (B e (q) + f e q) 

=d n (Bt)(q) + B £ (d n (q)) + d n {f t )q + f e d n (q) 

=d n (Bi)(q) + BtB n (q) + B t (f n q) + d n (ft)q + f t B n (q) + ftf n q 

and a similar relation with n and t interchanged, so we find 

(d n (B e ) - d e (B n ) + B t B n - B n B e )(q) + 
Be(f n q) ~ B n (f e q) + f t B n (q) - f n B e (q) + 

d n (fe)q - d e (f n )q = 0. 
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Because the Zakharov-Shabat equations (1.4) hold for the B^s and f m is independent of 
x = t\ one finds that 

dn(fe) = dt(fn) 

and hence if it is possible to integrate to all times tj one can find a function F(t) such 
that 

f n (t)=F(t)- 1 d n F(t). (3.9) 

Now choose 

q = F(t)- 1 q, 

then d n (q) = B n (q). A similar argument holds for r. So we have under certain condi- 
tions, viz. certain integrability of functions, shown that one can find an eigenfunction q 
(resp. adjoint eigenfunction f) which produces the same elementary Backlund-Darboux 
transformation, i.e. 

qdq~ l = qdq~ l resp. rdr~ l = fdr~ l . 

We will show that in the Segal-Wilson case the above conditions are satisfied. In that 
case we will explicitly construct the (adjoint) eigenfunctions q and r. 

Clearly the Backlund-Darboux operators of Theorem 3J. are invertible. Moreover, we 
prove the following useful lemma. 

Lemma 3.2 Let q, r £ R, then q (resp. r) satisfies (resp. \3. ) if and only if q^ 1 

(resp. r^ 1 ) satisfies 

dniq- 1 ) = -(qdq-^qd-y 1 )^- 1 ), 

d n ( r ~ 1 ) = (r~ 1 d~ 1 rL n r~ 1 dr) + (r~ 1 ), respectively. 

Proof. Suppose ( |3.1| ) holds, then 

d n {q- 1 )=-q-\L n ) + {q) 

= - q- 2 Res d (d~ l L n )* 

= - Resaiq^d^qL^q- 1 ) 

= - Resaiq^d^qL^q^dqq^d- 1 ) 

= -(q- 1 d~ 1 qL n *q- 1 dq) + (q- 1 ) 

= -(qdq- 1 L n qd- 1 q- 1 T + (q- 1 ). 

The second equation of this Lemma is proven in a similar fashion. □ 



4 Trivial Backlund-Darboux Transformations 

Besides the elementary Backlund-Darboux transformations one also has trivial Backlund- 
Darboux transformations. These transformations do not change the Lax operator L. They 
consist of multiplying a wavefunction with a function of the form 

oo 

R(z) = z k (l + ^T j r j z- j ) with rj £ C. (4.1) 
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If ip(t, z) = P(t, d)e^i tlZ * is a wavefunction of type z^, then 

Mt,z) =R(z)iP(t,z) =P(t,d)R(d)e^ Uz ' 



~-z k 



(l + ^r^>(M) 

3=1 



is the new wavefunction of type z k+i . Its adjoint wavefunction is of the form 

= Pfady^Ridy-^-e-Zi** = R{ z y l ^*{t,z). 

Since all r,-'s are constants, this does not change the form of L, but it clearly changes the 
tau-function. Rewrite R{z) as in (|4.1D as follows 



then 



R(z) = z k e~^T=iT z \ (4.2) 



4> R {t,z) =z k e-^T z ij;(t,z) 



r(t) 



which suggests that tr(£) := T(i)e^ =1 9j<J ' is the to ^ corresponding tau-function. We 
will show this in the Segal- Wilson context. First of all, one notices that the multiplication 
by z k does not change the tau-function. Hence we may assume that k = and we consider 
the action of 



oo 



on The operator p decomposes with respect to H = z e 'H + ®{z e 'H + ) 1 - as p 



a 

p 5 



Hence its action on w = ( ^ + ) £ ^ is 



/ aw+a 1 
p o w o a = , „ . . i 



Let 7 _1 = exp(— J2i ti zl ) e r + (iV) decompose with respect to H = z l H + © (z e H + ) ± 
as 7 _1 = ^ q ^ V Then the tau-function corresponding to pM^, where W = lm(w), 
w 6 is by definition 



1~powoa~ 1 



(7) = det((7 1 piz;a : a 1 )+). 



Since 7 1 and p commute we have the relation 

aa = aa + bp or equivalently aaa~ 1 a~ 1 = I + b(3a~ 1 a~ 1 , 
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so that we see that the operator aaa 1 a 1 is of the form "identity + trace-class" and 
hence has a determinant. Thus we get for the tau- function of pW that 

r powoa -i (7) = det((7 _1 pttja _1 a _1 ) + ) det(aaa _1 a _1 ) 
= det((p7 -1 t(;a -1 a! -1 )+) det(aaa~ 1 a~ 1 ). 
= Tw(l) det(aaa~ 1 a~ 1 ) 

Hence we merely have to show that 

B(a,a) = det(aaa~ 1 a~ 1 ) 
is the required function. This we will prove in a few steps. First one notices that if 

pi = ( 2 I ) and 92 = ( 2 I ) are in r - (Ar) ' then 

B(a>ia2,a) = &et(aia2aa 2 1 a^ 1 a^ 1 ) = det (a^aa^" 1 a_1 o^i" 1 a 1 a i) 
= det(a2aa2 det^aa^ 1 a~ 1 ai) 
=B(a 2 , a)B(ai,a). 

Likewise one shows for 7" 1 = f ^ ^ ^ G r + (iV) that 

S(a,aia2) = B(a, a±)B(a, 02). 

Hence if we put = exp(— ^z~ % ) = \ °q l <■ j , then p = limjv^oo pip2 ■ ■ ■ Pn- The form 

\ Pi Oi J 

B is continuous in a, so that we get 

00 

B(a,a) = Y\_B(ai,a) 

i=i 

and thus we merely have to prove the formula for pi. If 

7 -i = exp(-i^) = f ^ ^ € r + (AT), 



then 7 = limjv->oo 7172 • • • 7at. As -B is also continuous and multiplicative in a, we end up 
with the formula 

B(a,a) = |~[ B(ai,a,j). 
i,3>l 

Therefore we only have to prove the formula for p = pi and 7 = jj. Clearly the map 

qi — > -B(a«, a,j) defines a continuous morphism x~P from C to C x and therefore it has the 
form 

X?' ) (ft) = ^«, 

for some G C, depending on 7^. Likewise the map tj — > B(cti, aj) defines a continuous 
morphism <^ from C to C x that can be written as 
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for some CKjj G C, depending on pj. Hence we can say that for alH > 1 and j > 1 

S(ai, a,j) = e aiiUq i with oij G C. 

The {a^} can easily be determined by computing the lowest non-trivial term in B(ati, a,j] 
Since 



/ : 



V 



\ 



/ ••• -ft 



and /3j 



V 



o \ 



: / 



B(ai, cij) = det(7 + a { a - 1 bj[3 i ) 

=l + ^Tr(A«(ar 1 aT 1 ^/3 i )) 



n>l 



we see that only Tr(a i a- bjfii) contributes to the lowest non-trivial term. For the same 
reason the lowest non-trivial term of Tr(a^ aj bjfii) is equal to that of Tr(6j/%). A 
straightforward calculation gives the required result, viz., a^- = if % ^ j and an = 1. We 
resume the results of this computation in a theorem. 

Theorem 4.1 Let p be the element expQ^ >:1 —%z~^ in T_(iV). TTien i/ie tau-function 



corresponding to the plane pW is given by 



Tpwif) = Tpowoa-lil) = exp(^ —tj)T w (j) = exp(^ ^-tj)T W (t). 



5 Geometrical Interpretation of Backlund-Darboux Trans- 
formations 

In this section we want to interpret the trivial and elementary Backlund-Darboux trans- 
formations on the Segal-Wilson Grassmannian. As in section 2 we consider the flows in 
r + (A r ). First consider the trivial transformations. Let ipw be a wavefunction of type zr, 

corresponding to W G Gr^(H). Then clearly multiplication by R(z) = z k e ^*=i T z 
maps ipw(tj z) into ipn(t, z) = R(z)ipw{t, z )- Since this has to be a Segal-Wilson wavefunc- 
tion of type z k+e , we have to assume that YlJLi \Vj\~f~ < 00 • ^ * s then straightforward to 
see that ipR is the wavefunction corresponding to R(z)W G Gr( k+i \H), hence the trivial 
Backlund-Darboux transformation maps W into R(z)W. 

Next consider the elementary Backlund-Darboux transformations. The following con- 
sequence of Theorem |3.1| is more or less well known (see e.g. [10] and 0). 



q --q 1 d x q^ w 



Corollary 5.1 The functions ij} q = qdq~ l il)w andip r = r~ 1 d~ 1 ripw (resp. ip : 
and tp* = —rdr~ x i\f^) are (adjoint) wavefunctions of planes W q and W r . Moreover we 
have the following codimension 1 inclusions: 



W q CW, W ± C Wq, 



W C W r , and W^ C W J 
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Proof. From the Sato- Wilson equations one deduces directly that for all n > 1, 

d n % = {P q d n p- l )+% and cWv = (P r d n P- 1 ) + ^ r . 
This shows the first part of the claim. Consider the following subspace in Gr(H): 

W q = the closure of Span{ip q (t, z)}. 



The inclusions between the spaces W and W q follows from the first relation of ( |3.5D and 
the fact that the values of a wavefunction corresponding to an element of Gr(H) are 
lying dense in that space. Since for a suitable 7 in T + (N) the orthogonal projections of 
7~ 1 W g on z i H + resp. ^y~ 1 W on z £+l H+ have a one dimensional kernel, one obtains the 
codimension one result. For the inclusions between the spaces W and W r we consider 
the adjoint wavefunctions t/"vk = Pw~ le ~^ **** an< ^ = —rdr^ipyy- Since the complex 
conjugate zip^-(t,z) of ztpyy(t,z) corresponds to the space W^, the same argument as 
before shows the codimension 1 inclusion: 



WjT := the closure of Spaxx{zip*(t, z)} C W . 

Hence ip r (t,z) corresponds to W r = the closure of Span{Vv(*> z)}. This concludes the 
proof of the corollary. □ 
Now suppose we are in the situation of the above Corollary. Let s(z) G W (1 W^, then 
W q = {w G W\ < w\s(z) > = 0} and 

=< Mt,z)\s(z) >=< 9 ^ Z) -q(tr^^ w (t,z)\s{z) > . 

ox ox 

Hence, 

dlogq _ 3 log < tpw(t, z )\ s ( z ) > 
dx dx 

Since both q(t) and < ifjw(t, z)\s(z) > are eigenfunctions of L that define the same 



Backlund-Darboux transformation, one deduces from Theorem that 

q(t) = A < ipw(t, z)\s(z) > for certain A G C x . 

Now notice two things. First that we can also replace s(z) G W(l W q by s(z) = s(z) +t(z) 
with t(z) G W 1 - . And next that if d + u is a Backlund-Darboux transformation which 
maps W into a subspace U, then for s(z) G W n l/- 1 , q(t) =< ipw (t, z)\s(z) > gives the 
eigenfunction such that d + u = qdq^ 1 . 

For the adjoint Backlund-Darboux transformation, one takes t(z) G n W r , then 
W^- = {w G ly- 1 ! < i(^) |u; >= 0}, < zip^(t, z)\t(z) >= and in a similar way as for q 
one obtains that 



r(t) = A < >= A < > for certain A G C x . 

Again it is obvious that we can replace t(z) by t(z) = s(z) +t(z) with s(z) G W and that 
this construction gives the adjoint eigenfunction. 

So we conclude that one has a geometric interpretation for the elementary Backlund- 
Darboux transformation. It has its origin on the Segal-Wilson Grassmannian, viz., 
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Proposition 5.1 Let W q and W r be the planes of Corollary 5.1, then 



q(t) =< ip w (t,z)\s(z) > and r(t) = < t(z)\zipfo(t, z ) > 
for certain s(z) £ W n W q and t(z) £ W ± n W r . 

The next step in analyzing the situation in Gr(H) from proposition |5.1| , 

W 9 C W C W r , dim(W P /W) = dim(W/W g ) = 1, 

is to determine the tau- function corresponding to W q resp. W r and their relation to that of 
W. Let (resp. — r(t)5r(t) _1 ) act on the wavefunction tpw(t,z) (resp. adjoint 

wavefunction ^/>w(i, 2) and compare this with t/j q (t,z) (resp. ip*{t,z)). We thus obtain 



rfV f (M) = ^^ + (*-r 1 |)iV(M) 

rf^fc -z) = + (z + r-^Pw'it, -z) 



(5-1) 



Comparing the coefficients of z we find that 

dlogq = ^logryy 9 /TW , dlogr = d log t w Jt w 
dx dx dx dx 

This suggests the following relations 

T W q {t) = \q{t)rw{t) and T Wr (t) = fir(t)T W (t), 

with A, fi £ C x . Since the tau- function of a plane in Gr(H) is only determined up to 
a constant, one may assume that the constants A and fi are equal to 1. 

We will carry out the computations for W r . Then that for W q is an easy consequence 
of it. As above let t{z) £ H be such that 



r(t) =< zifa\t(z) >=< t{z)\iP w ±{j(-t),z) > . 

If w : z^H + —> W is in then we can extend it to an embedding w r : z^ 1 H + — ► W r by 
putting w r {z t ~ 1 ) = t(z) and w r (f) = w(f) for / £ z l H + . Then w r belongs to ty$£-i- Next 
we decompose w r with respect to H = z e, H + © Cz^ 1 © (z ^H + ) and w with respect to 
H = z e H + © (z^ + ) ± , then we get 

W ++ W + o _ , 

u; r = I wq + wqq ) and w = ( + ) with u> + = w++ and u>_ — ' ' °~ 



We do the same with the operator 7 -1 from T + (N). This gives you respectively 

a ++ a +o a+- 
1 a 
0a 

Before computing r Wr , we notice that 



7 1 = ( 1 00- 1 = ( j with 6= (a+o o+_) and c= f J 



a ++ \ / a ++ -a + +a +0 \ _ , _ / -a +0 



1 ) \ 1 / V 
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is a 1-dimensional operator of zero-trace. Hence we have 
det 



a ++ W a + \ -a + ]_a + o 



o i / V o l 



so that it suffices to compute the projection of 7 1 w r f ^ ~\ onto z £ 1 H + : 

( a ++ w + a+\_ + bw-a+ l + a ++ w +0 + «+o^oo + o+-^-o \ _ f A 8 \ 
\ (w 0+ + a -^-+)a++ woo + ao-w-o J \a 5 J' 

As A is equal to (■y~ 1 wa+\)+ and 7 is chosen such that this operator is invertible, we can 



A 8 

decompose ( ^ ) as follows 



A 3 \ _ / 1 \ (A \ / 1 yT 1 /? 
a i J"l aA- 1 1 J I J I 1 



From this we see that 



r Wr (l) = det (( A a gj)= det(A)(S - aA~ l B) = t w ( 7 )(5 - aA~ x Q). 

Hence we merely have to show that r(t) = 5 — aA -1 ^. We know that g(r) = j(—t)* with 
7(t) G T^(A^) and thus we get 

r(t) =< y(t)t(z)\i> w ±^(-t)*,z) > . 

By definition one has 

^( 7 (-t) V) = ^ + E ^(tH) V- 

Therefore, if 8 = Ylk>tPkft)z , then the expression for r(t) becomes 

r (t) = < S/- 1 + Y^l3k(t)z k \/- 1 + X>j(7(-t)-V > 

=i + ^A(^(7H)*). 

From the computation of ip\y± in flOtl , we see that, if aA~ 1 (z k ~ 1 ) = a^z^ 1 for all k > £, 
then ipk{l{—t)*) = —~&k- In other words, there holds 

r(t) = 5- aA~ l 3. 

Next we treat the case W q C W and dim(W/Wq) = 1. Let s(z) G be such that 
W q = {w G W| < w; 1 3(2;) >= 0} and g(i) =< 2)|s(;z) >. Let wo G ^+1 be such 

that wo(z i+1 H + ) = W q , then w = (wq s(z)) belongs to tyg and w(z e H + ) = W . According 
to the foregoing result, we have 

r w (t) = r(t)T W0 (t) with r(t) =< s(.z)|^ w _l(7(-F)) > . 
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In particular, one has the relations 

P W = r- l d~ 1 rP Wq and P Wq = qdq~ l P w , 
so that we may conclude 

r~ 1 dr = qdq~ l . 

According to Lemma |3.2j r _1 satisfies 

dnir- 1 ) = {r^d-'rPw^P^dr)^ 1 ) = + 

like q. Hence by Theorem EO we may conclude that q(t) = Ar(t)^ 1 with A G C x . We 
resume the forgoing result in the form of a theorem. 

Theorem 5.1 Let W,W q ,W r £ Gr{H) be such that W q C W C W r and dim(W r /W) = 
dim(W/W g ) = 1. Then the tau-function of W r is equal to Ty/ r {t) = r(t)T\y(t), with 
r{t) =< v\ip w ±(t, z) > for some v G W r \W and the tau-function of W q is equal to 
T w q {t) = Q{t)T w (t), where q(t) =< ipw(t,z)\s > fore some s G W D (W q ) . Moreover, the 
wave functions are related as follows 



%{t,z)=z ^w(M), %{t,z)=z ^ Vw> z ) 



(5.3) 



^ r (t,z)=z- i r(t ^ 1]) ^ w (t,z), r r (t,z)= z r{t+ l z 1]) r w (t,z). 

r(t) r[t) 

6 Squared Eigenfunction Potentials 

Let q be an eigenfunction and r be an adjoint eigenfunction of the KP Lax operator L. 
For such a pair of (adjoint) eigenfunctions Oevel [o] showed that there exists a function 
Q(r,q) called the squared eigenfunction potential, which satisfies 

= Resa^riL^qd- 1 ). (6.1) 



This potential was described in |L5| and |g] (see also |L7| and [lq]). A special case of fl6.1|) 
is the case that k = 1, i.e. ii = x, then 

— « = ^ 

ax 

Equation (|6.1] ) determines uniquely upto a shift by a constant. 

The expressions d~ 1 rip and d~ lr 4j*q are special squared eigenfunction potentials. No- 
tice that they are uniquely defined. We now want to find an explicit expression for these 
specific potentials in the Segal- Wilson setting. Since 

ipr = r d~ ripw and ijjq = —q~ 1 d~ 1 qi[>w, 

one has 

d- l r{t)ij) W {t,z) =r(t)Mt>*) 



. . 1 r(t- [z- 1 ]) , . . 
r{t) 
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and 



d- l q{t)r w {t,z) = -q(t)i>l(t,z) 

= -z- 1 q(t+[z- 1 ])r w (t,z) 



(t)z^-^p± rw (t,z) 



We can also express them in s(z). Let 



q(t) =< ipw{t, z)\s{z) >, and r(t) =< ipw(t, z)\zs(z) >, 
then d~ 1 rip and d~ 1 ip*q are equal to 



S(4>w(t,z),zs(z)) :=z 1 <tpy V (t-[z \y)\ys(y) > tp w (t,z), 
S(ifa(t, z), s(z)) := - z) < i>w(t + [z- 1 ], y)\s(y) >, 



(6.2) 



respectively. 

Next let W G Gr^(H), then, since %j)y/{t,z) and tp^r(t, z) satisfy (|1.13j ) we find the 
following expressions for these squared eigenfunction potentials (see also 0). 

Proposition 6.1 Let \z\ > \y\, then for W G Gr^(H) on has 



S(ipw(t,z),zs(z)) 
S(ip^(t,z),s(z)) 



< (z/y) X(t,z,y)T W {t)\ys(y) > 

T W (t) 

< (y/zYX(t,y,z)Tw(t)\s(y) > 



(6.3) 



T W (t) 

where 

X(t, A, y) = ^- exp(^ t^ - f/)) exp(]T ^ ~ A " A) ( 6 . 4 ) 
is the vertex operator for the KP hierarchy. 

This vertex operator expresses the action of the Lie algebra gloo, see [[[J] for more details. 

The results of this section, will be used in the following section on geometric Backhmd- 
Darboux transformations. 



7 Geometric Backlund— Darboux Transformations 

We can of course take the converse of the procedure of section 5 and use the geometry to 
construct elementary Backlund-Darboux transformations, viz as follows: 

Theorem 7.1 Let W G Gr{H) with T\y its tau-function, ipw Us wavefunction and ip^ its 
adjoint wavefunction. Let s(z) G H, then q(t) =< ipw{t^ z )\ s ( z ) > ^ s an eigenfunction and 
r(t) =< s(z)\zip^ v (t, z) > is an adjoint eigenfunction and the corresponding elementary 
Backlund-Darboux transformations qdq^ 1 and r~ 1 d~ 1 r give new tau- and wavef unctions 
T W q {t) = q(t)T\v(t), Tw r (t) = r(t)T\y(t), tpq = qdq~ l ipw, Vv = r^d^rijjw and adjoint 
wave functions ip* = —q~ 1 d~ 1 qip^ v , ip* = —rdr~ l ipw corresponding to planes W q = {w G 
W\ < w\s(z) >= 0}, W r = W © Cs(z), Wj- = W ± © Cs(z), = {w G W L \ < 
s(z)\w >= 0} ; respectively. 
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We now want to generalize the situation of the previous Theorem. Assume that is given the 
plane W & Gr^\H) with wavefunction i(jy\/(t,z) and adjoint wavefunction ij)yy(t,z). We 
want to determine the Backlund-Darboux transformation BD(V,W) that maps ipw(t,z) 
to ?pv(t,z). We restrict ourselves to the case that BD(V,W) is a finite product of ele- 
mentary Backlund-Darboux transformation, i.e., to the case that V D W has finite codi- 
mension inside both V and W. Of course one has that if ipw(t,z) = Pw(d)e^ ti ^ and 
ip v (t,z) = P v (d)e^ Uz \ that BD(V,W) = P v {d)P w {d)~ l . But we assume that the 
wavefunction and its adjoint are only given for W and not yet known for V. 

We first start with two special cases of planes V and W, viz., V C W and W C V. 
First consider the former case and assume that V has codimension n inside W. So we can 
find n independent functions in W n V , say w\ , w<z, . . . , w n . It is straightforward that 
BD(V, W) is the product of n elementary Backlund-Darboux transformations of the form 
QjdqJ 1 ■ Hence, BD(V,W) = ^2k=o a k^ k with G R and a n = 1, i.e. is a differential 

operator of order n with leading coefficient equal to 1. Thus, tpy = Ylk=o a k 9 dx^ and 
since < ipv\ w j >= for all j" = 1,2,... , n, we find that 



n-l 

yZ ak < 

k=0 



d k ^ w {t,z) d""ip w (t,z) . 

\Wj(z) >=- < j— \Wj(z) >, for j = 1,2, . . . ,n. 



dx k 1 J v ~ y 

Using Cramer's rule one thus finds the following expressions for the a^'s: 

a fc = (-) n ~ k W(ip W ]Wi,w 2 ,. ■ ■ ,w n )~ 1 yVk(ipw;wi,W2, . . . ,w n ) 



where 



( <A\ 



W(A;wi,W2, ■ ■ ■ ,w n ) = det 



wi> <Hki> 



< A\w 2 > < §§K > 



\<A\ Wn > <%\w n > ■■■ <|^k> y 



an— 1 4 I 
< %^4\w 2 > 



d n ~ 1 Ai 



(7.1) 



is a Wronskian determinant and 



WftCAjitfi,^, • • • ,w n ) 
( < A\wi > ■ 



det 



< A\w 2 > 



\ < A\w n > 



ak — 1 A i rjfc + i 4 I 



flfc— 1 4 i fl^+i A i 



< 



d^ 1 A 
dx 



— \Wn > < ^k+T\ w n > 



fin A , 



^ dx n I ™ / 



This is in fact a generalization of a result of Crumm g. Following [17], we give a short 
notation for this Backlund-Darboux transformation BD(V, W), viz., 



(7.2) 
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where 



W(A;wi,w 2 , ... ,w n ;d) = 

( <^H > < f§H > 



, d n A\„,, ^ \ 



det 



< A\w 2 > < %\w 2 > 



< 



W 2 > 



< A\w n > < ^\w n > 
1 d 



d n A i 



d" 



(7.3) 



/ 



The determinant ( |7,3|) must be seen as a formal expansion with respect to the last row 
vector, collecting all minors left of the differential symbols d k . 

It is obvious that the Backlund-Darboux transformation B D(V, W) does not depend 
on the choice of basis of the linear space W n V 1 - . It is also obvious that one can even add 
elements of W 1 - to the w k s. 

We now want to determine the inverse of this Backlund-Darboux transformation 
BD(V,W). We immitate the proof of the Lemma in [19]. Let b k , 1 < k < n be the 
solution of the linear system 



i.e., 



then 



W(ipw;wi,U)2, ■ ■ ■ ,w n )b k = 5 kn , 



b k = {-) n k W(ip w ;wi,w 2 , ■ ■ ■ ,w n ) 1 yV(ipw',wi,w 2 ,... ,w k -i,w k+1 ... ,w n ) 



BD{V, W)- 1 = ^2< ^w\w k > d-%. 
k=l 

To show this we use the fact that for / £ R 

oo , 

fd- l = -(d- i fr = j2[(- 

1=0 ^ 



-ltrlg-i-1 



and calculate 

n 

BD(V,W)Y^ < ?Pw\w k > d-% 

k=l 

n n 

= {BD(V, W)J2< ^w\w k > d-%) + + (BD(V, W)J2< ^w\w k > 8'%). 



k=l 

oo 



(BD(V,W)Y,d- e - 1 Y,< 



n-1 



k=l 



k=l 

n 



\Wk 



> d- l b k )+ + BD ^ w )(< ^w\w k >)&-% 



k=\ 



(BD(y, w) £ d- £ - l w^ w ; w u w 2 ,..., w n )) + + 
e=o 

(BD(V,W)d~ n ) + 
1. 
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Again one has a short notation for 

BD^W)- 1 = W(d;^ w ;w u w 2 , 

where 

W(d;A;wi,W2, . . . ,w n ) = 



,w n )W(ip w ;wi,W2, ... ,w n ) 1 , (7.4) 



/ <A\ 



det 



wi> <§§H> 



A\wi > d- 1 \ 



<A\w 2 > <§§K> 



\ < A\w n > < §§|w n > 



< %^4\w2 > < A\w 2 > d- 1 



d n - 1 A \ 
dx n ~ 2 I 



(7.5) 



> < A\w n yd 1 ./ 



In (|7.5| ) one has to use the expansion of the determinant with respect to the last column 
collecting all minors on the right of the < A\wk > <9 _1 symbols. 

Next consider the other special case, viz., that W C V of codimension m. Then 
clearly BD(V, W) is the product of m elementary adjoint Backhmd-Darboux transfor- 
mations r^ 1 d~ 1 ri. We first do not consider BD(V, W) but rather BD(V, W)*~ 1 , which 
is a differential operator of order m, say YlT=o a ^ k ■ Then notice that a m = (— l) m 
and tpy = Ylh=o a k d Jk ■ Now let v\, V2, ■ ■ ■ , v m be m linearly independent elements in 
W 1 - n V. For notational convenience we introduce v* by 



v\z) := zv(z). 



(7.6) 



Then < >= and hence 



E <* < >= (") m+1 < ~o^H >> j = 1,2,... ,m. 

fc=0 

Using Cramer's rule again one obtains the following expression for the a^'s: 

a fe = (-) fe W(^;4,4,-- - ,vly l W k (^;v{,vl... ,vl). 

In a similar way as before one finds 

BD(V, W)*- 1 = n m WWw'AA, ■ ■ ■ > *4) -1 W($v; «},«S, • ■ • , vl; 8), (7.7) 

where one has to use the expansion of W(V>vy; v\, v\, ■ ■ ■ , d) with respect to the last 
row collecting all minors on the left of the d symbols. So 

BD(V, W)- 1 = (-) m W(^; v\,vl,... ,vl; -d)W(4>fc v\, v\, . . . , vjj" 1 (7.8) 

and here one has to use the expansion of W^jy ; v\,v\, ■ ■ ■ ,Vm,—d) with respect to the 
last row collecting all minors on the right of the d symbols. 

In a similar way as before we now determine BD(V,W)* . Let 6&, 1 < k < m be a 
solution of the linear system 

W(^;v{,vi,... ,vl)b k = (-l) m S mk , 
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then 

m 

BD{V, W)* = Y,< r w \A > d-\ 

with 



k=l 



b k = {-) k W{^* w ;v\,v\,... ,v m ) ^(iP^vl,... ,vl_ v v\ +1 ,... ,4j. 

So 

m 

BD(V,W) = ~Y,hd~ 1 < r W \v\ > 

k=l 

and hence 

BD(V,W) = (-) m W(rw;vlvi,... ,vl)- l W(d;^;v\,vl... ,v m )\ (7.9) 

where one has to use the expansion of the determinant of W(d; ipyy'i u i> v h ■ ■ ■ > v mi) with 
respect to the last column collecting all minors on the right of the < V'tVl^l > symbols. 
Again also in this case it is clear that everything is independent from the choice of basis 

of w ± n v. 

We now use the results of the previous two cases to determine the Backlund-Darboux 
transformation BD(V, W) in the more general case that V H W has codimension mmV 
and codimension n in W. Let w±, W2, ■ ■ ■ , w n be a basis of V 1 - n W and let v\, V2, ■ ■ ■ ,v m 
be a basis of W 1 - n V. Starting with W we first apply m elementary adjoint Backlund- 
Darboux transformations to obtain W+V and then apply n elementary Backlund-Darboux 
transformations to obtain V . In other words 

BD(V, W) = BD(V, V + W)BD(V + W, W). 

Now BD(V, V + W) is a differential operator of order n for which the leading coefficient is 
equal to 1 and BD(V+ W, W) = J2T=i hd~ l < i>w\ v k > and 

is in fact a pseudo differential 
operator of order — m, again with leading coefficient equal to 1. Hence 

BD(V, W) = (j>^l (j^^' 1 < rw ^ k > ) 

m n—m 

= a-kd- 1 < i>w\ v l > + a ^ 

fe=l 1=0 

is a pseudodifferential operator of order n — m with leading coefficient equal to 1 (notice 
that this is a n _ m if n > m). Since BD(V, W)tpw belongs to V it must be perpendicular 
to W\ , 1V2 , ■ ■ ■ ,w n , which gives the restriction 

m n—m Q^ih 

Y J a ~kS(ipw,vl,w j ) +Y J a f < Q x t \ w i >= °> ( 7 - 10 ) 

k=X 1=0 

Where (cf. (|J)) 

S(A,s,t) :=< S(A,s)\t > . (7.11) 
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Now if n > m, the equations ( [7.10[) determine BD(V,W), since a n _ m = 1. However, if 
< m then ( [7.10 ) is equal to 



n 



^2a_ k S(ip w ,vl,Wj) = 0, 



(7.12) 



k=l 



and we need some more information. We also know that BD(V, W) is a pseudodifferential 
operator of order n — m with leading coefficient equal to 1. This leads to the extra 
restrictions. 



k=l 



a-k < 



W i„,t 



dxi 



< >= (") 



m—n—l 



8< 



j, m—n—l 



for j = 0,1, ...m — n — l. (7.13) 



Then ( [7.12[ ) and ( |7. 13| ) determine BD(V, W) uniquely. Using Cramer's rule we can de- 
termine in the case that n > m from ( |7.10| ) and in the case that m > n from ( 7.12 ) and 
fl7l3D the coefficients a; of BD(V,W). We thus obtain 

BD(V,W) = W(ipw;wi,.. . ,w n ;^;v[, . . . , w^)" 1 W(^ H /; w u . . . ,w n ;ip^;v[, . . . ,vl t ;d), 

(7.14) 

where 

W(A;wx, . . . ,w n ; B;vx, . . . ,v m ) = 

I S(A,vi,wi) ••• S(A,v m ,wi) < A\wi > ■ 



det 



an — m— 1 A | \ 

< ° dxn - m Jt \wi > \ 



S(A,vx,w n 
< B\v\ > 



< UK > 



Qm — n-l£j , 
< Q x m-n-l \Vl > 



S(A,v m ,w n ) < A\w n > 

< B\v m > 



~ dx I Um ^ 



< 



< 



dx n 



\Vm. > 



J 

(7.15) 



and 



W(A;w 1} ...,w n ;B;vi,... ,v m ;d) = 

( S(A,vi,w{) ••• S(A,v m ,wx) < A\wi > 



det 



< 



Qn-m, A , \ 
Q x n — m | "^1 ^ 



S{A,v\,w n ) 
d- 1 < B\vi > 
< Blvi > 



< &i > 



S(A,v m ,w n ) < A\w n > 
d- 1 < B\v m > 1 
< B\v m > 



as i 

dx 



<~ Q x n — m \W n > 



gn- 



\ < 



Qm — n — 1 ~q 

Q x m-n-2 



< 



Qm — n — 2j^ 
Q x m-n-2 



Vm > 



J 

(7.16) 
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The matrix appearing in ( |7,15| ) is an n x n-matrix if n > m and an m x m-matrix if n < m. 
The matrix appearing in ( |7.16| ) is an n + 1 x n + 1-matrix if n > m and an m x m-matrix 
if n < m. The determinant appearing in ( 7.16| ) is the formal expansion with respect to 
the (n + l)-th row putting all the minors to the left of the d symbols. 

Finally we want to calculate the inverse of BD(V, W) or rather the adjoint of the 
inverse. First notice that 



BD(V, W)*- 1 = BD{V L , W L ) and 

bd(v, wy- 1 = bd(v, v n w*~ x BD(y n w, wy 1 . 

From the first line of (7.17) we deduce that 

< BD(V,W)*- X ifc\v) >=0 for j = 1,2,... ,m 
and from the second line that 



(7.17) 



m—n 

k 



BD(V,W)*- X = J2 a -ed' X < 4>w\wi > + a k d 



k=0 



Using the fact that BD(V, W)* 1 is an (m — n)-th order pseudodifferential operator with 
leading coefficient (— l) m_n we obtain that for 1 < j < m 



n m—n— I ofc / * 

^a_ e S(r w ,w l: v})+ £ a k < -ffilv} >= (-!)«— ~\ (7.18) 



1=1 k=0 

if m > n and that if m < n 



l ~ l ( 7 - 19 ) 
\- ^ d k ip w 

/ J a -l < q k \Wt >— — Ok : n-rn-li 
1=1 

for 1 < j < m and 0<k<n — m — 1. This determines BD(V, W)*^ 1 uniquely. One has 
BD(V,W)*- 1 

= (-) n+m W(.4>w'> v L ■ ■ ■ ^mi^WiWi, . . . ,w n ) _1 W(V>w; u iJ • • • ^li'^WiWx, ■ ■ ■ ,w n ;d), 

(7.20) 

hence the adjoint of this operator is 

bd(v,w)~ x = 

(-r +m w(V4-; u l>--- iv^ipwim,--- ,w n ;dyw(^w; v L--- , v L^w,yJi,--- ,w n y x , 

(7.21) 

We now want to calculate iy. In order to do that we write BD(V,W) as product of 
n + m elementary Backlund-Darboux transformations 

BD(V, W) = BD(V, U n+m ^)BD(U n+m ^, U n+m „ 2 ) • • • BD(U U W), 
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where 



W + Ylj=i <£vj for 1 < k < m, 

{u G W + V\ < u\wj > = for 1 < j < k — n} for m < k < m + n. 



Then from Theorem f7j| we deduce that for k < m 

TV k =< ^*u k -M > T Uk ^ 

=<BD(u k „ 1 ,wy- 1 r w \vi>nj k _ 1 



and that for k > m 



=< BD(U k _i, W)tpw\Wk-m > T u k . x 



Prom which we deduce that (upto a scalar multiple) 

t v = W(ipw;wi, ■ ■ ■ ,w n ;tpw; v h ■ ■ ■ , v L) T w- (7.22) 

Notice that all the above considerations are independent of the choice of bases of V H W 1 - 
and V ± D W. Thus we have proven the main theorem of this paper 

Theorem 7.2 Let V G Gr( fe ) anc? S Crr^ 6e such that V f^W has codimension m in 
V and codimension ninW (hence k — m = i — n) and let ipw> V'jy an d T w be the to W 
corresponding wave-, adjoint wave- and tau-function. Then the corresponding Backlund- 
Darboux transformation is equal to (cf. \7.1$) , \7. 1$) ) 

BD(V, W) = W{tp w ;wi, ■ ■ .,w n ;ipw'i v v • • ■ > v mT l W($w\ wi, ■ ■ ■ , w n ; tp^\ v\, . . . ,?4;<9), 
and its inverse is equal to 
BDCV^W)- 1 = 

(-) n+m >V(^;w{,... ,t4;^w;wi,... , w n ; 9)*W(^; v\, . . . %pw) wx, ■ ■ ■ ,w n )~ l 
for any bases w\ , W2 , ■ ■ ■ , w n of W n V 1 - and vx,V2, ■ ■ ■ ,v m ofVn W 1 - . Moreover, 
i>v = W{ip w ;wi, ■ ■ .,w n ]^;v[, . . . ,vl l )' 1 W^ w ;w 1 ,- ■ • ,Wn!^; v\, . . . jV^tpw), 

(_)™+ m W(^ ;u t ; ... ^v^ipwjwx,... ,w n ) _1 W(^H/;fi, • • • ,vl n ;4> w ;wi,... ,w n ;^w), 
and 

t v = W(ipw; wi, . . . ,w n ;^;v{, . . . ^jjrw, 
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where 



W(A;wi, . . . , w n ;B;vi, . . . ,v m ;C) 
( S(A,v 1 ,w\) 

S(C,vi) 

det 

< Blvi > 



V < 



Q x m — n — 2 \ u l ^ 



S(A,v m ,wi) < A\wi > 



S(A,v m ,w n ) <A\w n > 



S{C, V m ) 

< B\v m > 

< SR\v > 



< 



2 B 



c 



Vm > 



< 



< 



Q x n — m | ^1 ^ 



d n ~ m A 



W n > 



Q x n — m | ^71 

d n - m C 

g x n-m 



J 

(7.23) 



where S(C,v) = d 1 {< B\v > C) is defined in (6.i)and S(A,v,w) in (7.11). 



8 Backlund— Darboux Transformations for the Gelfand— Dickey 
Hierarchy 

In this section we want to consider the elementary Backlund-Darboux transformations 
for the Gelfand-Dickey hierarchies. It is well-known that these correspond to the n- 
th reduced KP hierarchy, i.e., L n = (L n ) + . Since L n ip\y(t, z) = z n ipw (t, z) we have 
a trivial Backlund-Darboux transformation that maps W into z n W . Since L n = (L n )+, 
z n tpw(t, z) = d n (ipw(t, z)) and hence z n W C W. We now want to determine which vectors 
s G If we can choose such that W s = {w £ W < w\s >= 0} also satisfies z n W s C W s . 
We will first prove the following Lemma. 

Lemma 8.1 Let W CW such that z n W C W and 

W s = {w e W | < w\s >= 0} and W' s = {w E W'\ < w\s >= 0}. 

Then z n W' s C W s if and only if there exists a A € C such that 

(z- n - X)s e W' L . (8.1) 

Proof. Let v 6 W' s and z n v G W s , then 

< z n v\s(z) >=< v\z~ n s(z) >= 0, 

in other words z~ n s{z) G W' s . Hence, since = W © Cs, there must exist a A G C 
such that (z- n — X)s G W' L . 

Now assume that (^^) holds, then for every v G W' s one has 

< z n v\s(z) >=< v\z~~ n s(z) >= A < v\s(z) >= 0, 

hence z n v G □ 
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So it suffices to assume that W = W' and that s(z) G W satisfies ( |8.lD . Let 

u = Wn(z n W) ± , (8.2) 
then (see e.g. ||) W = 0^ o z kn U, so we write 

oo 

s(z) = u kZ kn with Uk G J7. 
fc=0 

Since (z _n — A)s(z) G VF^, one obtains that u^+i = Aitfc for k = 0, 1, . . . and hence, 

oo 

s (z) = ^(Az) fen ii with u £U and A G C. 
fc=o 

Since 

oo oo 

< s{z)\s{z) > =< ^(Az) fcn u | Y,( Xz ) knu o > 

k=0 k=0 

oo 

= £l A l 2fc h)l 2 , 

fc=0 

must be finite, we must choose |A| < 1. Notice that if W satisfies z n W C W, then W 1 - 
satisfies z~ n W L C W ± . Now let V = W 1 n (^-"Ty- 1 )- 1 , then V = z~ n U and hence one 
obtains that t(z) G which gives the correct Backlund-Darboux transformation is 

oo . 

t(z) = y"(-) nk z - n u , with n G U and A G C, |A| < 1. 
^— ' z 

k=0 

We thus have proven the following theorem 

Theorem 8.1 Let W G Gr{H) satisfy z n W C W and hence z~ n W L C W L , then s(z) G 
W (resp. t(z) G W ± ) defines an eigenfunction q(t) =< ip w (t, z)\s(z) > (resp. adjoined 
eig enf unction r(t) =< s(z)\zip^ v (t, z) >) and ip q (t, z) = qdq~ 1 ipw(t, z) (resp. ip r (t,z) = 
r~ 1 d~ 1 ripw (t, z)) be a new wavef unction defined by the elementary Backlund-Darboux 
transformation that maps W into W q = {w G W\ < w\s(z) >= 0} (resp. W r = W © 
Ct(z) ). LetU = WH (z^) 1 . Then W q satisfies z n W q C W q (resp.W r satisfies z n W r C 
W r ) if and only if 

oo oo . 

s(z) = ^2(Xz) kn u (resp. t(z) = ^(-)"W ), 

k=0 k=0 

with uq G U and A G C, |A| < 1. 

Next we want to give the geometrical interpretation (in terms of the Segal-Wilson 
Grassmannian) of the classical Darboux transformation of an n-th Gelfand-Dickey Lax 
operator L n . 

The classical Darboux transformation consists of factorizing an n-th order differential 
operator Q = RS, with R and S differential operators of order r, s, respectively, with 
r + s = n, and then exchanging the place of the factors, i.e., defining a new differential 
operator Q' = SR. We assume that Q = L n is a Gelfand-Dickey operator and we want 
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that Q' is again a Gelfand-Dickey operator. Let L = PwdP^ 1 , with W £ Gr(H), since 
Q' = SQS~ 1 , we find that Q' = L' n , with L' = Pyy/dP^) and Pyy' = SPw- Because 
Q = RS we find that 

z n W C W C W, 

hence the vectors wi(z),W2(z), . . . ,w s (z) 6 W, that define the Backlund-Darboux trans- 
formation S, must be perpendicular to z n W and thus must belong to U, defined by (|8.2|) . 
We thus have proven 

Theorem 8.2 Let W £ Gr(H) satisfy z n W C W and let L = P w dp^ ■ The classical 
Darboux transformation of the Gelfand-Dickey differential operator Q = L n , consists of 
choosing s (0 < s < n) linearly independent vectors Vj G U (U defined by /[8.3J ), such that 

S = W(Vw; m, u>2, ■ ■ ■ ,w s )~ 1 W(ip W ]Wi,w 2 ,. ■ ■ ,w s ;d). 
Then Q' = SQS -1 is again a Gelfand-Dickey differential operator. 

9 From KP to the 1-Toda Lattice Hierarchy 

The 1-Toda lattice hierarchy, as described in jy] (see also || and pi] ]) is the set of defor- 
mation equations (Lax equations) 

BT 

7 - = [(L n ) + ,L], (9.1) 



for infinite matrices 



oo 



L = L(t,A) = A + Va, A _i with A = V — E k k+i, (9-2) 

depending on t = (tx, . . . ) where d n = d/dt n and where G C x , a; = J2kez a i(k, t)Ekk 
is an infinite diagonal matrix. Here A + refers to the upper-diagonal part of the matrix A, 
inclusing the diagonal. We denote by A- = A — A + . For notational covenience we write 

A = e Efcgz -Efc.fc+ie -1 with e = YLk&L e kE k k- 

To the problem ( |9. 1| } one associates wavevectors *&(t, z) and adjoint wavevectors ^*(t, z), 

(t, «) = (e„Vn(i, ^))ngz = P(t, A)e^r=o ^ Afc ex (z), 
¥*(t,z) = (e^C+itMWna = (P(t ) Af)- 1 e^« 1 ' A " t e - 1 x(z- 1 ), 
which satisfies 

L*(t,z)= z*(t,z), L T ^*(t,z)= z**(t,z), 
d n (*(t,z))=(L n ) + *(t,z), d n (^*(t,z))=((L n ) + ) T ^(t,z). 

Here A T stands for the transposed of the matrix A, x( z ) 1S the infinite column-vector 

X(z) = (z n ) ne z and 

oo 



P(t,A) = I + Y,PkA- k - (9.5) 



k=l 



Notice that in this situation L = P(t, A)AP(t, A) 1 . We can formulate the 1-Toda lattice 
hierarchy in an other way, viz. as follows (see also |ffl): 
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Proposition 9.1 The following two statements are equivalent: 

(a) The Lax operator L of the form (9.i) satisfies the 1-Toda lattice hierarchy \9.1\) . 

(b) i[) n (t,z) is a wavefunction of the KP hierarchy for all n € Z, with ip^(t,z) its adjoint 
wavefunction. These (adjoint) wave functions satisfy the n — m-th modified KP hierarchy: 



< ipn{t, z)\zip^ n (s, z) >= for all n > m. (9-6) 
To prove this proposition we use the following lemma: 
Lemma 9.1 (a) Let U and V be two infinite matrices, then 

Res z= o-Ux{z){V X (z- l )) T = UV T . 
(b) Let P(t,d) and Q(t,d) be two pseudodifferential operators such that 

Res z=0 P(t, z)Q(t, -z)e^ {u ~ Si)zl = 0, 
then (P(t,d)Q(t,d)*)- = 0. 

Proof. For a proof of (b) we refer to |Q. To prove (a), let U = Yli j u ij^ij an d 

v = Y,i,j v ij E ij, ,h<> " 

Res 2=0^17 x(z)(Vx( z ~ 1 )) T =Res z=0 ^ ^ UijZ j v k ez~ e E ik 

= u ij v kjEih 
i,j,k 

=UV T , 

which proves (a). □ 

Proof of Proposition |9.l| . For all k > one has 

= (A fc )_ =(A k P(t, X)P{t, A)" 1 )- 

=(A k P(t,X)e^ tlAl e-^ t ' Al P(t,X)- 1 )^, 



hence 



and thus 



Res z=0 (- z A k (^(t, z))**(t, z) T ). = 



=Res z=0 (i((L" 1 ) + ) fcl ((^ n2 )+) fc2 • • • ((L n -) + ) k ™(*(t, z))V*(t, zf)^ 
=Res z=0 ( — r- — r * (t,z) )_. 

Z dt k n \ ■ ■ ■ dfnZ 

Now using Taylor's formula one obtains 

Res z=0 (|^(t 3 z)V*(s, z) T )_ = 0, (9.7) 
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which is equivalent to ( |9,6|) . Next we write the oscillating functions ^ n (t, z) and oscillating 
function ip*(t,z) in terms of pseudo differential operators. 

i/) n (t,z) = P{d)8 n e^ Uzl and 4>* n {t, z) = Q{d){-d)- n e~^ Uz \ 

Using Lemma |9.1| (b), one deduces from (|9.6| ) for n = m that Q* = P -1 and hence ^n(^) z ) 
is the adjoint oscillating function of ip n (t,z). Since they satisfy fl9.6| ) for n = m, ip n (t,z) 
(resp. ip n (t,z)) must be a KP wavefunction (resp. adjoint wavefunction) . 

To prove the converse we use the bilinear identity ( p.7| ) which is equivalent to ( |9,6| ). 
Denote 

V(t,z) = P{t,A)e^ uA \ X (z) and V*(t,z) = Q(t, A)e~ ^ '^"V 1 ^" 1 ), 



then using part (a) of Lemma |9.1|, we deduce from ( |9.7| ) with s = t that (P(i, A)Q(t, A) T )_ = 
and hence 

Q{t,A) T = P(t,A)-\ (9.8) 
Next differentiate Q9.7|) to i n , then 



p es , =0 (I (a„(P(i, A)) + P(i, A)A n ) ^ Al ex (z)^*( s , z) T )_ = 0. 



Putting s = t we deduce from this, using ( |9.8D and the Lemma |9.1| that 

n (P(t,A))P(t,A)- 1 = -(P(t, A)A n P(i, A)' 1 )-, 

which is the Sato- Wilson equation for the 1-Toda lattice hierarchy. Differentiate L(t, A) = 
P(i, A)AP(t, A)- 1 to t n , then using this Sato-Wilson equation one shows easily that L 
satisfies D 
As a consequence of the proof of Proposition |9.1| one has the Sato-Wilson equation 



d n (P(t, A))P(t, A)" 1 = -(P(t, A)A"P(t, A)- x )_. (9.9) 

Now return to the Segal- Wilson setting, then part (b) of the above proposition tells 
us that the planes W n E GA n \H) related to ip n form an infinite flag, in fact one has two 
infinite flags 

••• CW n+ i C W n CW„_i CW n -2 C- • • , 

i , , 9.10 

So starting with one plane TV E Gr^(H), with wavefunction ipw{tj adjoint wavefunc- 
tion ifiyy(t,z) and tau-function r^y, we can apply recursively Backlund-Darboux trans- 
formations and adjoint Backlund-Darboux transformations to construct a whole flag of 
spaces. To be more precise: 

Proposition 9.2 Let W E GA n \H), with wavefunction ipyy(t,z), adjoint wavefunction 
ifiw(t, z) and tau-function tw and let w n , w n +i,vu n+ 2, ... be an ordered Hilbert basis of W 
and let u? n _i, io n _2, • • • be an ordered Hilbert basis of W , then the spaces 



{w E W\ < w\wk >= for k < m} for m > n, 
W ifn = m, (9.11) 

k W Y2=L Cw k form<n 
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and spaces form infinite flags of the form ( 9.1C ). The corresponding wavef unctions 



ip m {t,z), adjoint wavefunction ip^t^z) and tau-function T m are equal to (cf. (7.25)) 



and 



V4= { 



W(ipw;w n ,. . . ,w m -r,ip1fa]<lf) ^(ipw'^n, ...,w m -i;i/)1fa;Q;il>w) for m > n, 
tpw if n = m, 

W(i/)w;®;wm,--- ,w j n _ 1 )~ 1 W(i)w;®;tl>w'> w ™> ■ ■ ■ : w n -l'^w) form<n 

(9.12) 



' (-) n+m+1 W(i/}$ v ;(b;ipw;Wn, ■ ■ ■ ,«J m _i) -1 W(^;0;^v; ,«j m _i;^) form> n, 

ipw ifn = m, 

{-Y+m + i w{rw . w \^ w t _ i; ^ w -$)-^W{r w ;wL, . . . , wl_ x ;^ w - 0; ^) /or m < n 

(9.13) 



'W(Vw; w n , ■ ■ ■ ,w m -i;ipw''®) T W for m > n, 
tw if n = m, 

^-lW form < n, 



Moreover the vector ^{t, z) = (e n ifi n (t, z))neZ is a wavevector and z) 
is its adjoint wavevector of the 1-Toda lattice hierarchy. 

The proof of this proposition is straightforward. 



(9.14) 



( e n *V>Jh-i(M))t 



10 Some Applications 

In all the applications that we consider in this section, we start with W = Wo = H + , 
hence tq = 1, ipo(t,z) = e^** i2 ' and ipQ(t,z) = e~^* tiZ \ Let wj, < j < n — 1, be the 
following elements of -fZ+: 



with < 00. 



i=0 



Then for e^ itiZ% = ^i^zPeityz 1 one finds the following tau- functions: 



r n = W(ipo;w , . . . ,io n _i;$$;0) 



det(< 



£=0 



2 >)0<i,j< 



= det Vi-i^jj )o<i,j <n ■ 
£=0 

In a similar way we also find for 

00 00 

Wj = Y^l-i-j^ e with IS- 



1-3 1 



< 00, 



i=l 



1=1 



(10.1) 



(10.2) 



10.3) 
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that 

oo 

r_ n = det(^2p£-i^-e-j)i<i,j<n (10-4) 
i=i 

is a KP tau-function. 

Notice that if we let n go to infinity, ( 10.2 ) is a special case of the famous result of 
Sato (see e.g. fll6| ). 

By choosing special elements Wj, one obtains special KP tau- functions. For instance 

JV-1 oo 



fc=0 i=0 

leads to Hirota's N soliton solution (see also |16|]): 



0<io<h,- ,i n -i<N-l 

where A(Aj , . . . Xi n _ 1 ) is the Vandermonde determinant. 

Now return to the expressions ( gOg ) and dlOl ). Here we have shown a well-known 
result of Ohta, Satsuma, Takahashi and Tokihiro [|20[|, viz that if /o,/i,--- , fn-i (resp. 
/_2, • • • , /-n) are functions satisfying: 

= = I for 7 > and 

Otk ox K 

f -H"0 W<o, 

then the Wronskian determinants 

W(/ 0> /i, • • • , /n-l), (resp. /- 2j . . . , /-„) (10.5) 

are tau-functions of the KP hierarchy. 

In the article [19|, Oevel and Strampp determine when the Wronskian solutions of 
the form ( |10.5| ) belong to the so-called m-vector ^-constrained KP hierarchy. This is 
a reduction of the KP hierarchy, generalizing the Gelfand-Dickey hierarchies. Here one 
assumes that the KP Lax operator L satisfies 

m 

with qj(t) eigenfunctions and Tj(t) adjoint eigenfunctions of L. The authors gave in |fEfl , 
1 13] a geometrical interpretation of this m-vector fc-constrained KP hierarchy in the Segal- 
Wilson setting. They showed that L = Lyy belongs to this m-vector fc-constrained KP 
hierarchy if and only if the corresponding W E Gr(H) contains a subspace W of codi- 
mension m such that z k W C W. We will now use this result to prove geometrically the 
following result of Oevel and Strampp [pl| : 
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Proposition 10.1 the tau functions W(/o,/i,... ,/n-i) (resp. W(/_i, /_2, • • • ,/-n)J 
belong to the m-vector k-constrained KP hierarchy if and only if 

Qk f. Qk f. 
W(/o, /l, • • • , fn-l, a u , ■ ■ ■ , 7T~T ) = 0) 

(resp. W(/_ a , /_ a , . . . , /-n))^ ; • • • , -^) = 0), 

/or all (m + 1) -tuples (f^, . . . , fi m+1 ) with indices < ii < 22 < • • • < 2 m +i < n — 1 (Vesp. 
—n < i\ < 12 < ■ ■ ■ < i m +i < — 1/ 

Proof. First consider the positive case, viz n > 0. Write /j =< e^-fc * fc ^ fc |it?j > with wj as 
in ([Tail ). Then 

Tn = W(/ ,/l, • • • ,/n-l) = W(^0;^0, • • • jtUn-U^O^)- 

If this is a solution of the m-vector /c-constrained KP hierarchy, then the space 

W n = {v G H + \ < v\wi >= for < i < n - 1} 

has a subspace W of codimension m such that z k W C W. In other words, one has that 
for all w G W and < j < n — 1 both < w\vjj >= and < z k w\wj >=< w\z~ k Wj >= 0. 
Which means that 

W' C {v £ H+\ < v\wi >=< v\z~ k u>i >= for < i < n - 1} C W. 

or equivalently that 

dim < w ,wi, ■ ■ ■ ,w n -i, (z~ k w ) +1 {z' k wi) + , ... , (z~ k w n ^ l ) + >< n + m, 

where u + = Y^k=Q u k zk if = Y^keZ u k z ■ ^ n other words 

\AU f t f ® fh ®_ fim+i \ _ 

Vy{Jo, ji, ■ ■ ■ , Jn-i, o u ' • • • ' — 5TT — ) — 

ox OX K 

W(ip ;w ,--- ,w n -i,z~ k Wii,--- ,z~ k Wi m+1 ;iPo;®) = 0, 

for all < i\ < 12 < ■ ■ ■ < im+i < n — 1. 

In the negative case, one writes fj =< e _ ^»=* fcZ \uij > with wj as in ( |10.3| ), One then 
has to notice that the m-vector /c-constrained KP hierarchy means that W is a subspace 
of codimension m of W" such that z k W C W" or equivalently z~ k (W")- L C W 1 - and one 
can finish the proof along the same lines as in the positive case. □ 

The next application generates certain orthogonal polynomials. It is related to Matrix 



models, see e.g [||, [11[ and references therein. 



Let (a, b) be an interval of R and w(y) a weight function which is non-negative. With 
these data we associate the inner product 

(/i|/ 2 )= f h(y)f2(y)w(y)dy, (10.6) 

J a 

which is well defined for all functions / for which \/wf is quadratically integrable on (a, b). 
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The numbers 



y n w(y)dy, 



are called the moments of the weight function w. It is well-known (see e.g. 
polynomials 



(10.7) 
that the 



Pn(y) 

form an orthogonal set, i.e., 





/ 


co 


Cl • • 








ci 


c 2 • • 


Cn+l 


det 














Cn-l 




■ C2n-1 




V 


1 


y ■ ■ 


• y n ) 



(j>m\Pn) = & 



det(ci+j)o<i,j<n-i 
det(cj + j)o<i,j<n 



(10.8) 



'det(cj + j)o<j ) j< n -i 

Now consider the generating series of the complex conjugates of the moments 

oo 

f{z) = Y J C k z k . (10.9) 

Since the moments of the weight function w satisfy the inequality 

\c n \ < max(|a|, |6|) n M, 

with M a constant, the series f(z) converges on a neighborhood of zero. Hence there is 
a Ao > such that X^n>o \ Cn 

\ 2 Xl n < oo. For all A with < A < A we define the element 

by 



fi X) (z) = Y J CnX n z n -\ for, = 0,1, 2,... 

n=0 

Now we consider the following chain of subspaces of H + : 



(10.10) 



W (A) = H + and = {w £ H + \ < w|// A) >= for * = 0, 1, . . . ,n - 1}. 

Note that one can find for each k > 1 a polynomial of degree k such that < qf ] \f >= 0. 
Since the topological span of the {q^\k > 1} has codimension one in H + and the same 
holds for W[ X \ we must have 

Wi = the closure of Span{g^|£; > 1}. 

Now we like to choose the } such that for all m > 1 

= the closure of Spanjgj^ \k > m}. 
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Then the whole chain of subspaces {Wm |m > 1} has been expressed in the sequence of 
polynomials {</! |& > 1}. Because of the codimension one argument, it is necessary and 
sufficient that for all m > 1 and all j > 0, j < m, 

<4 A) l/j A) >=o. 

This condition will tell you how to make an appropriate choice for the {q^\k > 1}. For 
if q$(y) = J2T=o a mey £ , then we have 

m 

< &ff >= < £ WlE^v"""' > 

1=0 r=0 



(10.11) 



= CLmiCl+jX 3 

£=0 
m ,. h 

= ^2 a mi y l+3 X> w{y)dy 

£=0 Ja 

= / Qm\^y)y J w{y)dy 

J a 

Hence, if we choose qm\\y) = p m {y), then due to (y 3 ,p m (y)) = for j < m, we get that 
fliaTTl ) is equal to zero. Thus (cf. Q) 

W$ = the closure of Span{p fe Q \k > m}. (10.12) 

Next we compute the tau-function corresponding to this chain following (10.2). We 
consider N > max(|a|, \b\, 1) and the KP-flows from T+(N). In that case we have 

<^-|/f } W >=<z^e^ k \f^\ Z )> 



where c£\t) is the n-th moment of the t, A-dependent inner product (cf. ( |i07|) ) 

(h(t,z)\f2(t,z))W = f f 1 (t,z)h(t,z)e^ t ^ k w(z)dz. (10.13) 



Note that due to the fact that we have taken our flows from T + (N), this is a well-defined 
inner product for real U's, even if A = 1. 

We find that the to W« corresponding wave function tp^(t, z) = Q^n\t, z)e^k t k zk \ s 
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equal to BD(W^\ H + )e^k^ k _ H ence, 

( c {X \t) c[ X \t)X 
c[ X \t)X 4 A) (t)A 2 



det 



Q£>(t,z) 



1 z 



det(cS^.(i)A i +i) < i , i <n- 



c {X \t)X n \ 

u\\2n-l 

L 2n- 



det 



/ 1 



V 



o 

A n-1 



1 / 



/ 4 A) (*) c[ x \ t) 



V 1 



C ( n X) (t) \ 



41i(*) 



/ 1 

\ A r 



A n(n-1) det(c^(t)) <ij<n-l 



=A"Pi A) (t,|), 



(10.14) 



where 



det 



( ci X \t) c[ X \t) 

c[ x \t) 4 x \t) 

V i 



det(c^(t))o< 



c 2n-l(*) 
Z n ) 



(10.15) 



i,j<n— 1 



These Pn X \t, z) form the orthogonal polynomials with respect to the t, A-dependent inner 
product (-|-)S A) , defined by (EOP - Moreover, the ^ A) 's for ra = 0, 1, 2, . . . for m a set of 
1-Toda wavefunctions and the t^'s or a^'s where 

rW(t) = det( C W(t)A^')o< i)i < ri -i = A^VWW, 

4 A) (t) = det(ag.(t)) <ij<«-i > 

form a set of 1-Toda tau-functions. 

For all w n G Wn we have that < it%|/£ >= for i = 0, 1, . . . , n — 1, then < 
zw n \fi >=< Wnlz^fj >=< Wnl/i+i > is zero for i = 0, 1, . . . , n — 2. Hence zW^ C 
wl— l and we deduce that ipn(t,z) belongs to the 1-vector 1-constrained KP hierarchy, 
i.e., 

L w w =d + q^d-V x \ 
with q n X ^ and r n X ^ eigenf unctions, respectively adjoint eigenfunctions of Lw From the 



construction in Section 3 of [12], it is easy to determine the qb and r„ s, in fact 

ri 



L wi X) - d + 9n (A) 



(A) _(A) 
n+1 ^-1 'n-1 
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with g n £ C x . Hence 

zip. 



(A) 

dx 
dx 

<9x 



+ 5n 
+ 5n 



T n+1 Q-l T n-l 



r< A > 
(A) 



.(A) 



(Vi A) ) 



-(A) (A) (A) 



T n+1 q-1 t ti— 1 T n g T n-l /„/,(A) 



.(A) 



r (A) T (A) 



(A) JA) JA) 



r (A) 



VlVl ,(A) 
+ 5n . (A) V„-l- 



Since also 



i' 



(A) _ dtp. 



(A) 



n+1 



9 



9x dx 



log 



r n+l 



W,(A) 



we find that 



^ = C+\ + f x I lo. 



-.(A) 



9 



r (A) ' 
'n+1 



</4 A) +2n- 



T„ +1 r n „ 1 (A) 



(^) 



(10.17) 



We can now determine the constant g n . For this purpose we take the innerproduct < 
#n A) |/n-l > Then from dHH) 

we deduce that 



9n 



<? ,(A) |f (A) (A) (A) (A) (A) 

^ Yn \Jn T n T n _ 'n+1 'n 



< w,(A) | f (A) (A) (A) (A) (A) 

^ Yn-lUn-l > T n-1 T n+1 T ™ T n+ 



1 



+1 



Thus we find that 



(A) \ (A) (A) 

t) = t) + ~ ( ** ^ t) + " 



A"" ' ' ' A ' ' ' ,+r " X' ' A <).<■ \ /T iAi /'" ""A' ' (fJ W)2 P »-i^'A^ (10,18) 
This defines the recursion relation for the orthogonal polynomials P n ^(t,z). Notice that 



the innerproduct fljjUg ), the formula's ( pCT| ), (|To7T5| ), (|l0l6D and (|l07T8f) are also well- 
defined for A = 1. Hence let P n (t,z) = P n l \t,z) = Qn\t,z) and r n = r« = o4 , then 
the orthogonal polynomials P n (t,z), orthogonal with respect to the inner product {■]■)* , 
satisfy the following recursion relation: 



zP n (t, z) = P n+1 (t, z) + %- flog ^) P n (t, z) + Tn+lT 2 n ~ 1 P n - X {t, z). (10.19) 

OX \ T n I T„ 



11 Apendix: Alternative Proof of Theorem |5.1 



We want to give an alternative proof for expression of r\y in Theorem 5.1. Let tw be the 
tau- function corresponding to W € Gr^(H), then tw satisfies the bilinear identity 



Res z=0 T W (t - [ z - 1 ]) e E,= 1 (ii^i)^ T ^( s + [ z -l]) = 0. 
Now let the following operator 



;n.i) 



w e 
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act on this bilinear identity ( 11.1 ). Then we obtain after some calculation that 

Res z=0 w 2e T W (t - [z' 1 } - [w-^e^-^e^-^w^wis - [w^ 1 ] + [z-^e^+T = 
and hence 

f := ip w (t,w)T w (t) = w £ T W (t - [ur 1 ])^-!**™ 1 

is again a tau-function, however not a Segal-Wilson tau-function. Let ip(t,z) be the to f 
corresponding wavefunction, i.e., 



i>(t,z) = z 



r w (t- [ w -i]) e E£i^ 1 



then 



ip(t, w)ijj(t, z) = zip w (t - [z l },w)i) W {t, z). 

On the other hand ip(t, z) can be obtained with the Backlund-Darboux transformation 

aiog(f/r) 
9 =d-ipw{t,w) 



dx 

from ipw(t, z )- So we obtain that 



dx 



Wronskian^wKM))^^™)) = - — Vtvfo z) 

= zipw(t - [z'^w^wit. z). 

Next let ip q (t,z) = q{t)dq(t)~ l %l)y/{t-, z) with g(f) =< ipw(ti w)\s(w) >, then 

q(t)lp q (t,z) = < 1p W (t,w)\s(w) > 1p q (t,z) 

= < > — ^ < — ^ — |*(«0 > Vw(M) 

= < Wronskian(^iy(*) z) 5 > 
= < zipw(t — [z~ ], w)ipw(t, z)\s(w) > 
=zq(t - [z~ l })ij)w{t,z), 



and 



M*' Z ) = ^ ' Mi, Z). 



(11.2) 



Now use formula ( 1.14| ) and one obtains that 



dk log ■ 



for all k = 1,2, ... 



q{t)T W (t) 

Thus we conclude that upto multiplication by a constant 

T W q (t) = q{t)T W (t). 
The formula 7ty r (t) = r(t)vw(t) can be obtained in a similar matter. 



(11.3) 
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